Quantum confinement and interference often generate exotic properties in nanostructures. One recent highlight is the experimental indication of a magnetic phase transition in zigzag-edged graphene nanoribbons at the critical ribbon width of about 7 nm [G. Z. Magda et al., Nature 514, 608 (2014)]. Here we show theoretically that with further increase in the ribbon width, the magnetic correlation of the two edges can exhibit an intriguing oscillatory behavior between antiferromagnetic and ferromagnetic, driven by acquiring the positive coherence between the two edges to lower the free energy. The oscillation effect is readily tunable in applied magnetic fields. These 1 novel properties suggest new experimental manifestation of the edge magnetic orders in graphene nanoribbons, and enhance the hopes of graphene-like spintronic nanodevices functioning at room temperature.
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Introduction-Quantum phenomena are often evident when the samples are downsized to nanometer scale due to the quantum interference effect.
1 Quantum confinement realized in nanostructures thus becomes a fruitful approach to the generating and control of remarkable physical properties of matter. Among them, the possibility of finding novel magnetic properties in graphene-based nanomaterials has been of paramount interest since graphene, a single honeycomb layer of carbon atoms, was isolated from graphite and confirmed to possess extraordinary electron transport properties of massless Dirac fermions. 2, 3 It has been demonstrated that local magnetic moments can form on the boundary of zigzag terminated graphene nanoislands, 4 nanodisks, 5 and nanoribbons. [6] [7] [8] [9] Hence, the questions as to whether and how the boundary magnetic moments order, particularly in graphene and graphene-like ribbons such as silicene 10 and hafnium, 11 have attracted much attention.
To date, the undoped parent phases of zigzag terminated graphene nanomaterials have been well studied. Density functional theory calculations predicted that the ground state of such a nanoribbon has antiferromagnetic (AF) interedge superexchange interaction, 6, 12 i.e., the antiferromagnetically correlated edge (AFCE) state (total spin S = 0). The firstprinciples electronic structures can be accurately reproduced in the half-filled one-orbital
Hubbard model for zigzag-edged honeycomb lattices in mean-field theory 7,13 and quantum Monte Carlo simulation. 14, 15 First-principles studies of graphene triangles (S = 0) and hexagons (S = 0) 4 further confirmed the applicability of Lieb's theorem concerning S in the half-filled one-orbital Hubbard model for bipartite lattices. 16 Upon charge doping, it was found in the same model that the spin polarizations on the two ribbon edges can change from antiparallel to parallel, forming the ferromagnetic correlated edge (FMCE)
state. 7 The experimental indication of one AFCE-FMCE phase transition was recently reported in scanning tunnelling microscopy measurements which reveals an electronic bandgap of about 0.2−0.3 eV for the ribbons narrower than 7 nm but gapless bands for the ribbons wider than 8 nm. 17 Such a semiconducting to metallic phase transition was again accurately reproduced in the mean-field theory of the Hubbard model which found the driving force to be the AFCE-FMCE transition. 17 This discovery stimulates the search for more novel effects in zigzag-edged nanoribbons and for the proper understanding of these effects.
Here, we examine the slightly doped graphene nanoribbons by studying the Hubbard model with the zigzag-edged honeycomb lattice structure. We report the finding of a robust oscillation in the edge magnetic order upon increasing the ribbon width, namely a series of alternating AFCE-FMCE and FMCE-AFCE transitions, and unveil its microscopic origin.
Model and methods-The lattice structure of the zigzag-edged honeycomb nanoribbons and the AFCE/FMCE states are depicted in Fig. 1(a) . The structure is characterized by N coupled zigzag chains. The ribbon width w ≈ [2 + 3(N/2 − 1)]a where for graphene nanoribbons a = 0.142 nm is the carbon-carbon bond length. 18 For example, N = 34 corresponds to w ≈ 7 nm.
The single π-orbital Hubbard model, which is capable of describing the low-energy physics of graphene, 4, 17, [19] [20] [21] [22] is described by the following Hamiltonian
where c iσ is the electron annihilation operator with spin index σ = ±1 at site i and
iσ c iσ is the electron number operator. Only the nearest-neighbor hopping t = 2.6 eV is considered in the kinetic term. 7 The effective on-site Coulomb repulsion U is material dependant; it is about 1.2t in benzene, 2.0t in silicene, 23 and 0.8 − 2.3t in graphene. 7, 13, 17 Here we consider U = 2.0t, 1.5t, 1.2t and find that our main findings remain qualitatively unchanged.
µ is the chemical potential determined by the electron density n = 1 N T iσ n iσ = 1 −δ with δ < 0.02 (7.6 × 10 13 cm −2 ) being the hole concentration, which can be adjusted by doping or voltage bias, 24 and N T the total number of lattice sites. h ext denotes an external in-plane magnetic field. The temperature is fixed at T = 0.01t (∼ 300 K). Therefore, the magnetic properties discussed here can be realized at room temperature.
The infinite system (i.e., N → ∞) is metallic except for strong enough U > U c ∼ 2.2t,
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for which the ground state becomes antiferromagnetic insulating. By contrast, for zigzagedged ribbons, spontaneous magnetization below U c is possible due to stronger localization on the edges. 25 We compared the free energies of the paramagnetic (PM), AFCE, and FMCE states to determine the magnetic phase diagram (see Appendix I for technical details).
Results-One of our main results, the magnetic phase diagram in terms of the ribbon width or N versus the doping level δ < 0.02, is shown in Fig. 1 
, namely the alternating stabilization of the AFCE and FMCE states upon increasing N, leading to the multiple first-order phase transitions. For the larger δ, the magnetic state becomes more unstable and the system turns to be PM for large N. The period of the oscillation exhibits a strong doping dependence: it increases as δ decrease, e.g., about 2.6 nm for δ = 0.012, 4.7 nm for δ = 0.004, and ∞ at zero doping where the AFCE solution is the ground state by Lieb's theorem. 16 As shown in Figs. 6 and 7 in Appendix I, the predicted magnetic oscillation is robust against the on-site repulsion U in the range of values widely used in literature. In particular, it remains nearly unchanged in lower doping region, although the period of oscillation extends slightly for weaker U.
As shown in Fig. 1(c) , the multiple magnetic transitions manifest themselves as multiple semiconductor-metal transitions, which are characterized by the gap opening and vanishing, respectively, in tunnelling spectroscopy measurements. The experimentally observed one semiconductor-metal transition at 7 nm effectively corresponds to our results for δ ≈ 0.0003.
We now look into the edge magnetic moments, since they dominate the magnetization of the system. As illustrated in Fig The edges of the present nanoribbons can also been viewed as a kind of special impurities, yielding a similar but one-dimensional modulation along the finite-size direction. Such a modulation also resembles the oscillatory decay of the special edge states along the finite direction in the quantum spin Hall systems. To gain more insights into the microscopic origin of the multiple width-dependent phase transitions, we analyzed the data for δ = 0.004 (the results for 0.012 are presented in Appendix I). In Fig. 3(a) we show that the critical widths of the phase transitions, which are determined by the difference in free energy between the AFCE and FMCE states δF = F AFCE − F FMCE , also follow the total energy difference δE = E AFCE − E FMCE as well as the entropy (S) via T δS = δF − δE except for very narrow ribbons. To be more specific, in Fig. 3(b) we show the individual contributions from the kinetic, magnetic, and charge sectors (E K , E m , and E n , respectively, defined in Appendix I). The influence of the charge imbalance (δE n ) is negligible at the low doping levels considered here. On the other hand, the kinetic energy difference δE K exhibits a reversal effect compared with the magnetic energy difference (δE m ), which tends to localize the electron motion. In short, the magnetic phase transitions track well the magnetic energy difference except for the very narrow ribbons. This means that we can understand the phase transitions by analyzing the physics in the magnetic sector for simplicity. Hence we present a Landau theory below.
Landau theory-The Landau free energy that describes the spatial profile of the magnetization is given by (see Appendix II for details)
where α < 0 and β > 0 are the fitting parameters, and M(x) is the staggered magnetization of the xth zigzag chain, which is defined for
. 30 Since the magnetic momentum exhibits an oscillatory decay, it can be simulated by
where γ is the decay ratio and κ = 2π/λ with λ being the oscillatory period. The superscript +/− is for the AFCE/FMCE state. M The strength of the external magnetic field can be estimated by h ext /µ B with µ B being the Bohr magneton, yielding several to tens of Tesla, which is achievable experimentally.
It is noteworthy that to date it is hard to fabricate perfect zigzag edges. However, it was shown that the main effect of the edge irregularity is likely to yield a higher effective value of U. We also studied the magnetic phase stiffness against the Anderson-type disorders (see Appendix III). We conclude that the width-dependent oscillatory behavior of the magnetic phases are quite robust.
Conclusions-The phenomenon of width-tuned magnetic order oscillation in the Hubbard model for zigzag-edged honeycomb nanoribbons has been unveiled. We also establish in Landau theory a simple picture of the magnetic phase oscillation, namely the positive coherence between the two edges enhances the edge spin polarizations and lower the free energy due to the quantum interference. The edge spin polarization inside the ribbon is also oscillatory, changing orientation even (2n − 2) and odd (2n − 1) times for the nth AFCE and FMCE states, respectively. We further show that the multiple magnetic transitions facilitate the field manipulation of the edge spin polarization. The oscillation effect points to new experimental manifestation of the edge magnetic orders in graphene nanoribbons.
These magnetic properties are found to be quite robust against edge imperfection, operable at room temperature, and thus promising for future spintronics application.
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where a and b are the electron annihilation operators in the A and B sublattices, respectively. 
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The free energy of the system is given by
where E ν kσ is the eigenvalue of Eq. (4) and N y is the number of k points. The temperature T is fixed at 0.01t. Therefore, the magnetic properties discussed in present paper can be applied at the room temperature. The total energy E is
where Z is the partition function, β = 1/k B T , and f ν kσ = 1/(1 + e βE ν kσ ) is the Fermi distribution. The total energy can be further divided into three parts, i.e.
the energy from kinetic energy, magnetization, and charge density, respectively. In Fig. 5 we show the relative energy for δ = 0.012, whose oscillatory features look qualitatively sim- The magnetic phase oscillations are robust against the on-site Coulomb repulsion U adopted in various literatures. We plot the phase diagram with a weaker on-site repulsion U = 1.5t in Fig. 6 . Compared with the stronger repulsion with U = 2.0t presented in the main text, the magnetic phase oscillations remain but with the expanded paramagnetic phase. Especially, the resultant phase transitions change little for lower dopings below δ = 0.008 though the period of oscillation increases slightly. In Fig. 7 we further show the difference in the free energy between the AFCE and FMCE states for different on-site repulsion U at the fixed doping δ = 0.004. The phase oscillation remains robust even with weak enough U = 1.2t.
In Fig. 8 , we show the distributions of magnetization inside the nanoribbon for both AFCE and FMCE states for more values of N than in Fig. 2 of the main text. Evident oscillation of magnetization can be found in the bulk. The oscillatory period is about 22 (33a with a the carbon-carbon bond length) for δ = 0.004 and U = 2.0t as shown in the main text.
To gain positive coherence from the opposite edge, the magnetic correlation between the two opposite edges has to alternate between AFCE and FMCE when the ribbon width changes. This is particularly evident for large widths. For example N = 36, the edge magnetization acquires the positive coherence from another edge in FMCE state while negative coherence from another edge in AFCE state.
Appendix II. Landau theory description for AFCE-FMCE phase transition
As mentioned in the main text, the stability of the magnetic phase is dominated by the distribution magnetization, our starting point is the Landau theory with the single order parameter M(x) as
where α < 0, β > 0 are fitting parameters, h is the effective external magnetic field. M(x)
is the magnetization of the x th zigzag chain, which is defined as
to account for the antiferromagnetic correlations between the nearest neighbor sublattice A and B. 30 The magnetic momentum follows an oscillatory decay from the boundaries and can be well simulated by
where M ± L cos(κx 0 ) and M ± R cos(κx 0 ) is the order parameter at the left (x = 1) and right edge (x = N) at sufficiently large size (N ≫ 1), respectively. κx 0 is an initial phase introduced to well simulate our numerical data. κ = 2π/λ with λ the oscillatory period. The superscript +/− corresponds to the AFCE/FMCE state.
The Euler-Lagrange equation at the two edges (x = 1 and x = N) satisfies
where the superscript ± has been neglected.
In the absence of the external magnetic field -The Euler-Lagrange equation at the two edges reduces to M ± (1) = |α/β| and M ± (N) = ± |α/β|, which requires M
The value of M ± 1 can be evaluated at the limit of N → ∞, yielding
in which the two edges are no longer correlated with each other and therefore the difference between AFCE and FMCE disappears. In the present case, since M 2 (x) ≪ 1, the dominating contribution comes from the first term in the Landau free energy, especially the magnetization near the edge due to exponentially decay departing from the edges. To minimizing the total free energy, strong edge spin polarization m(1) and m(N) are expected. At the edge (x = 1)
When 2nπ−π/2 < κ( 
where p = β/2α, q = ±h/3α (+ for the right, and − for the left edge), and ω = (−1 + √ 3i)/2. Usually, the external magnetic field is 3 ∼ 4 orders weaker than the spontaneous magnetization, we expand the above equation to the first order of the external magnetic field
Therefore, the edge magnetization is enhanced at one edge and weakened at another edge due to the breaking of the inversion antisymmetry in the AFCE states under the external magnetic field.
In comparison, the inversion symmetry is preserved in the FMCE states under the exter-
is subsequently obtained according to the Euler-Lagrange equation. The edge magnetization is enhanced at both edges. Due to the different response of the edge magnetization in the AFCE and FMCE state, the FMCE is more energetically favorable under the external magnetic field. 
Appendix III. Disorder effects
We consider the non-magnetic disorders along the edges H W = σi∈edges W i n iσ , where W i is the strength of the disorder at the given site randomly distributed in the interval [−W/2, W/2] with W the strength of the disorders. We solve the Hamiltonian in the realspace with the periodic boundary condition N y = 24 along the infinite y-direction due to the broken translation symmetry along y-direction. In fact, the results presented here are insensitive to the large enough N y . For simplicity, only the disorders at the edges with inversion symmetry are considered.
The influence of the edge disorders on the antiferromagnetic correlated edges (AFCE) and ferromagnetic correlated edges (FMCE) states is displayed in Fig. 9 with 50 times random disorders. At the doping δ = 0.012, the red circles with moderate strength of the edge disorders W = 100 meV (t = 2.6 eV 7 ) well locate in the respective phase for the 1-st AFCE (N = 4), 1-st FMCE (N = 8), and 2-nd AFCE state (N = 16). Therefore, the magnetic phases are quite robust at least for the low-th magnetic states. When the strength of the disorders is enhanced to a critical value, the magnetic phase may be unstable. For the 1-st AFCE state, the FMCE occasionally has lower energy for strong enough disorder W c = 1100 meV (blue hollow circles in Fig. 9(a) ). This critical strength depends on the number of the zigzag chains N, it is about 300 meV, 210 meV, for the 1-st FMCE (N = 8), and 2-nd AFCE (N = 16) state, respectively. Interestingly, the average effect of the disorders seems to stabilize the AFCE states while weaken the FMCE states. This is probably due to that the scattering of the edge disorders will open a gap in the metallic FMCE state.
